We report an analysis of new V and I CCD time-series photometry of the distant globular cluster NGC 6229. The principal aims were to explore the field of the cluster in search of new variables, and to Fourier decompose the RR Lyrae light curves in pursuit of physical parameters.We found 25 new variables: 10 RRab, 5 RRc, 6 SR, 1 CW, 1 SX Phe, and two that we were unable to classify. Secular period changes were detected and measured in some favourable cases. The classifications of some of the known variables were rectified.
INTRODUCTION
As part of a long-term programme of CCD time-series photometry of globular clusters (GC) aimed at updating their variable star census and offering independent estimates of their metallicity and distance, in the present paper we carry out the study of the globular cluster NGC 6229 (C1645+476 in the IAU nomenclature) (α = 16 h 46 m 58.6 s , δ = +47
• 31 36.4 , J2000; l = 73.64
• , b = +40.31
• ). This is a distant outer-halo cluster (d ∼ 30 kpc) which is moderately concentrated and hence variable stars have been identified in regions very near its core since very early in photographic studies of the cluster. The Catalogue of Variable Stars in Globular Clusters (CVSGC; Clement et al. 2001; 2013 edition) Based on observations collected with the 2.0-m telescope at the Indian Astronomical Observatory.
lists 48 variables, mostly of the RR Lyrae type (RRL). The first variable star in NGC 6229, a type II cepheid, was announced by Davis (1917) and later named as V8 by Baade (1945) who, using 46 photographic plates obtained at Mount Wilson in the years 1932-1935, discovered another twenty variables, V1-V7, V9-V21. Sawyer (1953) added the W Virginis or CW star V22 indicating that its likely period is longer than one day. Nearly forty years passed before two more variables were found by Carney et al. (1991) , already with a CCD detector, and later confirmed by Borissova et al. (2001) (BCV01); these are the two RRc stars V23 and V24. Spassova & Borissova (1996) suggested 12 possible variables, only seven of which were confirmed by BCV01; nevertheless, these authors numbered all 12 stars as V25-36. However, the variability status and/or type of stars V25, V26, V27, V28, V29 and V30 have remained dubious in the CVSGC. In their paper, BCV01 also reported 12 new variables, V37-48.
In most contemporary variable star studies of NGC 6229 using CCD photometry, the recipes based on PSF or aperture photometry (Stetson 1987) and image subtraction algorithms such as ISIS (Alard 2000) have been used. In the present paper we employ the DanDIA implementation of difference image analysis (DIA) to extract high-precision photometry for all of the point sources in the field of NGC 6229. In the 13 years elapsed since the last CCD time-series analysis of the cluster (BCV01), important improvements have taken place in the concept of DIA, which are described in detail by Bramich (2008) and Bramich et al. (2013) . Hence, we considered that a new time-series study may reveal a useful update of the variable star population in NGC 6229.
In previous papers we have demonstrated how DIA performs exceptionally well in finding new variables and low signal-to-noise effects in light curves such as amplitude modulations in RR Lyrae stars, even in the crowded central regions of globular clusters (e.g. Lázaro et al. 2006; Bramich et al. 2011; Arellano Ferro et al. 2011, 2013 and references therein) . In the present paper we report the results of the analysis of new time-series photometry in the V and I filters of NGC 6229. We have Fourier decomposed the RR Lyrae (RRL) light curves to calculate [Fe/H] , distance, effective temperature, mass and radius for individual stars. Mean [Fe/H] and distance are hence good estimates of the parent globular cluster values.
The plan of the paper is as follows. In § 2 we describe the observations and data reduction. In § 3 the approaches to new variable star identification are described and we report the new variables found and discuss the secular period changes calculated in some favourable cases. § 4 contains the Fourier light curve decomposition of some of the RR Lyrae stars and we report their corresponding individual physical parameters. § 5 is dedicated to the discussion of the distribution of RRL stars in the HB in NGC 6229 and in other recently studied clusters. In § 6 the metallicity and distance of the parent cluster are inferred from the RRL stars. Independent distance calculations are also carried out from the P-L relation of SX Phe stars, and the luminosity of the tip of the red giant branch (RGB). In § 7 we summarise our conclusions. Finally, the classification and peculiarities of individual stars are discussed in Appendix A.
OBSERVATIONS AND REDUCTIONS

Observations
The observations were performed on 20 nights between 7th April, 2010 and 19th June, 2013 with the 2.0 m telescope at the Indian Astronomical Observatory (IAO), Hanle, India, located at 4500 m above sea level. A total of 346 and 354 images were obtained in the Johnson-Kron-Cousins V and I filters, respectively. The detector was a Thompson CCD of 2048×2048 pixels with a scale of 0.296 arcsec/pix, translating to a field of view (FoV) of approximately 10.1×10.1 arcmin 2 . The log of observations is given in Table 1 where the dates, number of frames, exposure times and average nightly seeing are recorded.
Difference Image Analysis
We employed the technique of difference image analysis (DIA) to extract high-precision photometry for all of the point sources in the Figure 1 . Transformation relations in the V and I band-passes between the instrumental and the standard photometric systems using a set of standard stars in the field of NGC 6229 kindly provided by Peter Stetson. images of NGC 6229 and we used the DanDIA 1 pipeline for the data reduction process . DanDIA includes an algorithm that models the convolution kernel matching the PSF of a pair of images of the same field as a discrete pixel array (Bramich 2008) . The DanDIA pipeline performs standard bias level and flat field corrections of the raw images, and creates a reference image for each filter by stacking a set of registered best-seeing calibrated images. Figure 2 . The rms magnitude deviations as a function of the mean magnitudes V and I. Blue and green circles are used for RRab and RRc stars respectively. Other symbols are: red circle, V36 reclassified as RRc in this paper; orange circles, CWA, CWB or CW?; red triangles, SR; turquoise triangles, variable blue stragglers; red crosses, previously suspected variables not confirmed in this paper.
We constructed two reference images, one in the V filter and another in I. For each of these reference images, 5 calibrated images were stacked with total exposure times of 1800 and 370 seconds in the V and I filters, respectively, and with PSF FWHMs of ∼5.2 and ∼4.0 pix, respectively. In each reference image, we measured the fluxes (referred to as reference fluxes) and positions of all PSF-like objects (stars) by extracting a spatially variable (with a third-degree polynomial) empirical PSF from the image and fitting this PSF to each detected object. The detected stars in each image in the time-series were matched with those detected in the corresponding reference image, and a linear transformation was derived which was used to register each image with the reference image.
For each filter, a sequence of difference images was created by subtracting the relevant reference image, convolved with an appropriate spatially variable kernel, from each registered image. The spatially variable convolution kernel for each registered image was determined using bilinear interpolation of a set of kernels that were derived for a uniform 6×6 grid of subregions across the image.
The differential fluxes for each star detected in the reference image were measured on each difference image. Light curves for each star were constructed by calculating the total flux ftot(t) in ADU/s at each epoch t from: where fref is the reference flux (ADU/s), fdiff(t) is the differential flux (ADU/s), and p(t) is the photometric scale factor (the integral of the kernel solution). Conversion to instrumental magnitudes was achieved using:
where mins(t) is the instrumental magnitude of the star at time t.
Uncertainties were propagated in the correct analytical fashion.
The above procedure and its caveats have been described in detail in Bramich et al. (2011) , to which the interested reader is referred for further details. 
Photometric Calibrations
Relative calibration
All photometric data suffer from systematic errors to some level that sometimes may be severe enough to be mistaken for bona fide variability in light curves. However, multiple observations of a set of objects at different epochs, such as time-series photometry, may be used to investigate, and possibly correct, these systematic errors (see for example Honeycutt 1992) . This process is a relative self-calibration of the photometry, which is being performed as a standard post-processing step for large-scale surveys (e.g. Padmanabhan et al. 2008; Regnault et al. 2009 ). We apply the methodology developed in Bramich & Freudling (2012) to solve for the magnitude offsets Z k that should be applied to each photometric measurement from the image k. In terms of DIA, this translates into a correction (to first order) for the systematic error introduced into the photometry from an image due to an error in the fitted value of the photometric scale factor p. We found that, for either filter, the magnitude offsets that we derive are of the order of ∼ 0.04 mag with ∼ 10% of worse cases reaching ∼ 0.2 mag. Applying these magnitude offsets to our DIA photometry improves the light curve quality, especially for the brighter stars.
Absolute calibration
Standard stars in the field of NGC 6229 were not included in the online collection of Stetson (2000) 2 at the time of preparing this paper. However, Prof. Stetson kindly provided us with a set of preliminary standard stars which we have used to transform instrumental vi magnitudes into the standard VI system.
The standard minus the instrumental magnitudes show mild dependences on the colour, as can be seen in Fig.1 . The transformations are of the form:
2 http://www3.cadc-ccda.hia-iha.nrc-cnrc.gc.ca/community/STETSON/standards
All of our VI photometry for the variable stars in the FoV of our collection of images of NGC 6229 is provided in Table 2 . Just a small portion of this table is given in the printed version of this paper, while the full table is only available in electronic form. Fig. 2 shows the rms magnitude deviation in our V and I light curves, after the application of the relative photometric calibration of Section 2.3.1, as a function of the mean magnitude.
To help us discuss the variable star search and classifications, we have built the colour-magnitude diagram (CMD) of Fig.  3 by calculating the inverse-variance weighted mean magnitudes of 2113 stars with V and I magnitudes. For better precision, the periodic variables like RRL and SX Phe are plotted using their intensity-weighted mean magnitudes < V > and colours < V > − < I >. The use of < V − I > instead does not produce a significant difference in the plotting on the CMD as they differ from < V > − < I > within 0.01 mag. The regions marked on the plot, individual stars, and the HB inset will be discussed below in the corresponding sections.
Astrometry
A linear astrometric solution was derived for the V filter reference image by matching 84 hand-picked stars with the UCAC4 star catalogue (Zacharias et al. 2013 ) using a field overlay in the image display tool GAIA 3 (Draper 2000) . We achieved a radial RMS scatter in the residuals of ∼0.2 arcsec. The astrometric fit was then used to calculate the J2000.0 celestial coordinates for all of the confirmed variables in our field of view (see Table 3 ). The coordinates correspond to the epoch of the V reference image which pertains to the average heliocentric Julian day of the five images used to form the reference image, 2455665.92 d.
VARIABLE STARS IN NGC 6229
Search for new variable stars
All previously known 48 variables were identified by their equatorial coordinates listed in the CVSGC. The main approach to identify new variables was the string-length method (Burke, Rolland & Boy 1970; Dworetsky 1983) , in which each light curve is phased with periods between 0.02 and 1.7 day and a normalised stringlength statistic SQ is calculated for each trial period. Extending the period base to values ∼ 2.5d does not produce a significantly different diagram. On the other hand if the period range is stretched to much longer periods, i.e. > 10d, the routine tends to find multiples of the true periods for some RR Lyrae. The long period variables are to be spotted by the other methods described below. In Fig. 4 we plot the minimum SQ value for each light curve as a function of their corresponding CCD X-coordinate. The known variables are plotted with the coloured symbols described in the caption. The horizontal line is a threshold set by eye at SQ = 0.30, below which most variables seem to fall and then it is below this line where we might expect to find previously undetected variables. Then we carefully inspected for variability the light curve of each star with SQ below 0.30. This approach allowed us to detect the new variables now labelled V49-V67 and to confirm the non-variability of stars V26 and V28. Despite falling below the threshold, V25 does not show convincing signs of variability. We also note that this method did not work for the SX Phe star, a fact already pointed out before by Arellano Ferro et al. (2010) in the study of NGC 5024. A second approach towards searching for variable stars was to separate the light curves of stars in a given region of the CMD where variables are expected, e.g. HB, blue stragglers region, upper instability strip and the RGB. A further more detailed inspection of stars in these regions revealed two new variables in the blue stragglers region, V68 and V69. At least star V68 can be classified as SX Phe. Also the SR variables labelled V70-V72 and a possible CW star V73, which we had missed from the string-length method, were found in this way.
Finally, we used a third approach that consisted in detecting PSF-like peaks in a stacked image built from the sum of the absolute valued difference images normalised by the standard deviation in each pixel as described by Bramich et al. (2011) . This method allowed us to confirm the variability of all of the new variables discovered by the previous methods but no new variables emerged.
The confirmed variables, their mean magnitudes, amplitudes, periods, times of maximum light and equatorial coordinates are listed in Table 3 . Detailed finding charts of all variables are given in Figs. 5 and 6. The light curves of RRL stars, phased with the ephemerides given in Table 3 are displayed in Figs.7 and 8. Comments on individual stars are made in Appendix A.
From the above methods of variable star finding we estimate that our search is complete down to about V ∼ 18.5 for amplitudes larger than 0.03 mag and periods between 0.2 d and a few tens of days in the outer regions of the cluster. However, we note that the core is very concentrated and our subtractions there are noisy. Therefore, our variable search in the core is not complete. In two recent papers Skottfelt et al. (2013; 2015) have shown the benefits of using electron multiplying CCD (EMCCD) photometry and DIA to extract faint variables in the dense central regions of globular clusters. This is achieved from a high frame-rate time-series and by shifting and adding frames to counteract the blurring atmospheric effects which contributes towards a high spatial resolution. Thus we believe the core of NGC 6229 would be an excellent target for EMCCD photometry.
RR Lyrae stars with a secular period variation
The combination of our data with those from Baade (1945) and Mannino (1960) , available for variables V1-V21, give a time-base of about 81 years. For the benefit of future work on these variables we have uploaded these archival data into the Strasbourg astronomical Data Center (CDS) 4 . For these stars the light curves of the archival data phased with the ephemerides in Table 3 are also shown in Figs. 7 and 8. Prominent phase shifts are visible for the different data sets in several variables, suggesting secular period variations. Despite the large time-base, the number of times of maximum that can accurately be determined for each variable is limited, preventing us from calculating the secular period change with the classical O-C residuals analysis. Alternatively, we used the approach introduced by Kains et al. (2015) for the case of NGC 4590, which for completeness is described below. The period change can be represented as
where β is the period change rate expressed in units of d d −1 , and P0 is the period at the epoch E. The number of cycles at time t elapsed since the epoch E is: hence the phase at time t can be calculated as
Then we construct a grid (P ,β) with values in steps of 10 −6 d and 0.004 d Myr −1 in P and β respectively, around a given starting period P0, and examine the light curve dispersions for each pair. We choose as a solution the one that produces the minimum dispersion of our data combined with those of Baade (1945) and Mannino (1960) . In Fig. 9 we show three examples of the light curves phased with eq. 7, those of the RRab stars V1 and V2 and the RRc V15. The resulting P and β for those stars with an evident period change are listed in Table 3 . In a few cases where the archival data are very scattered, we have not been able to find a reliable solution (e.g. for stars V17 and V18); however, their secular variation is clear and the proper calculation will have to wait until sufficient data become available.
The period change rates that we found are very scattered; they average −0.116 ± 0.201 d Myr −1 . While this number is consistent with zero, the scatter is very large. Taking the sign of the period change rate as an indication of the direction in which the star is evolving, we could not discern for NGC 6229 a systematic direction towards which stars are evolving. A summary of the observed period changes in RR Lyrae stars in globular clusters is offered by Catelan (2009) , in particular his Fig. 15 , according to which the period change rate β is related to the L = (B − R)/(B + V + R) Lee-Zinn parameter, defined to describe the stellar distribution on the HB (Zinn 1986; Lee 1990) , where B, V, R refer to the number of stars to the blue, inside and to the red of the RR Lyrae instability strip. Catelan's diagram shows that, for clusters with L < 0.5 the value of β is negligible, and it increases exponentially for larger L, i.e. for clusters with blue HB's. From star counts in our CMD we estimate for NGC 6229 L = 0.18, which can be compared with the value 0.24 reported by Mackey & van den Bergh (2005) , and that would imply β ∼ 0. Despite this the average β found in this paper is very negative but with a large scatter. This may imply that rather erratic period changes dominate the period changes produced otherwise by stellar evolution across the instability strip in NGC 6229. Table 3 , the periods in days are given next to the identification. To preserve the vertical scale and limits the vertical axes display V − < V > and I− < I >; the individual mean values are also listed in the table. Orange circles represent the data from Baade (1945) and green circles are data from Mannino (1960) , whenever available. Phase differences between the archival data and our data suggest secular period variations that are calculated in § 3.2. Variables with names V49 and onwards are new discoveries in this paper. Table 3 . Figure 9 . Examples of light curves phased with the ephemerides including the period change rate β which are listed in Table 3 . Colour symbols are as in Fig.  7 .
Bailey diagram and Oosterhoff type
The periods of the 42 RRab and 15 RRc stars listed in Table 3 average 0.561d and 0.322d, respectively. These values clearly indicate that NGC 6229 is an Oosterhoff type I cluster. The Bailey diagram for the V and I filters is shown in Fig. 10 A number of outliers are noted: the case of V51 can be understood since its amplitude is uncertain due to its Blazhko nature. For V14 and V37, with clean non-modulated light curves, we do not have an explanation. In the upper end we note V1 is the only non-modulated star sitting near the locus for evolved stars, however its position on the HB (see the bottom panel of Fig.  3 ) does not add to that interpretation. The Bailey diagram further confirms NGC 6229 as an Oo I type cluster.
The distribution of RRc stars is expected to have a parabolic form (Bono et al. 1997) as in fact it has been found in some Oo II clusters e.g. NGC 2419 (Di Criscienzo et al. 2011 ), M9 (Arellano Ferro et al. 2013 , M55 (Olech et al. 1999) , M30 (Kains et al. 2013) and Kunder et al. (2013b) for a group of 14 Oo II clusters. We have assembled a sample RRc stars in Oo I clusters (M3, M5, M79, NGC 6229 and NGC 6934) with determined amplitudes in V and/or I and without obvious amplitude modulatios. From their distribution (not shown here) we calculated the red parabolas shown in Fig. 10 . The scatter about these parabolas is sometimes considerable, like in the case of Oo II clusters of Kunder et al. (2013a) . The mathematical expresions for these parabolas are: 
where m(t) are magnitudes at time t, P is the period and E the epoch. A linear minimization routine is used to derive the amplitudes A k and phases φ k of each harmonic, from which the Fourier parameters φij = jφi − iφj and Rij = Ai/Aj are calculated. The mean magnitudes A0, and the Fourier light curve fitting parameters of individual RRab and RRc stars are listed in Table 4 . In this table we have excluded stars with evident amplitude modulations or excessive noise. These Fourier parameters and the semi-empirical calibrations of Jurcsik & Kovács (1996) (Carretta et al. 2009 ). The absolute magnitude MV can be derived from the calibrations of Kovács & Walker (2001) for RRab stars and of Kovács (1998) for the RRc stars; these two calibrations are naturally based on different sets of calibrators in assorted Galactic and LMC globular clusters and are therefore independent. However, their zero points have been tied to the LMC distance modulus of 18.5±0.1 mag (e.g. Clementini et al. 2003) as discussed in detail by Arellano Ferro et al. (2010) . The effective temperature T eff was estimated using the calibration of Jurcsik (1998) . For brevity we do not explicitly present here the above mentioned calibrations; however, the corresponding equations, and most importantly their zero points, have been discussed in detail in previous papers (e.g. and the interested reader is referred to them.
It is pertinent to recall that the calibration for [Fe/H] for RRab stars of Jurcsik & Kovács (1996) is applicable to RRab stars with a deviation parameter Dm, defined by Jurcsik & Kovács (1996) and Kovács & Kanbur (1998) , not exceeding an upper limit. These authors suggest Dm ≤ 3.0. The Dm is listed in column 10 of Table 4 . However we have relaxed the criterion to include three stars with 3.7 ≤ Dm ≤ 4.1. Those RR Lyrae that fall off the HB, discussed in § A, are not included for the luminosity calculation as indicated in the footnote of Table 5 .
It is noteworthy at this stage that there is a new calibration of [Fe/H]UVES for RRc stars, calculated for an extended number of stars and clusters by Morgan (2013). As described in her paper the results of the new calibration are in general consistent with the old Morgan et al. (2007) , and that the average differences are 0.02 dex. We have also carried out the calculation using the new calibration and found [Fe/H]UVES = −1.37, i.e. 0.08 dex more deficient than the value from the calibration of Morgan et al. (2007) , which is in better agreement with the result from the RRab calibration. The physical parameters for the RR Lyrae stars and the inverse-variance weighted means are reported in Table 5 . Two independent estimations of [Fe/H]UVES have been found from 12 RRab and 8 RRc stars in NGC 6229: −1.31 ± 0.01 and −1.29 ± 0.12 respectively.
The weighted mean MV values for the RRab and RRc stars are 0.621±0.001 mag and 0.581±0.001 mag respectively and will be used in section 6 to estimate the mean distance to the parent cluster.
ON THE STRUCTURE OF THE HORIZONTAL BRANCH
In this section we analyse the distribution of RRL stars in the HB. The expanded HB in Fig. 3 It is illustrative to display the HB in the T eff -logL plane. In order to convert the observational HB shown in Fig. 3 into the HR diagram, we have proceeded as in Arellano Ferro et al. (2010) where a polynomial for T eff -(V − I)0 is given based on the HB models of VandenBerg et al. (2006) with the colour-T eff relations as described by VandenBerg & Clem (2003) . Fig. 11 illustrates the distribution of RRL using the same colour code as in Fig. 3 . The red and blue borders of the instability strip (IS) for the fundamental mode (F) and first overtone (FO), calculated by Nemec et al. (2011) based on the Warsaw pulsation code for a mass of 0.65 M , are shown in the figure. The two vertical black lines correspond to the empirical border between RRab and RRc stars seen in NGC 5024 (solid) and NGC 4590 (dashed) which match the evident border in NGC 6229 and that, in our opinion, represent the empirical red border of the first overtone instability strip (FORE). This is some 100-200K hotter than the theoretical border found by Nemec et al. (2011) . An- other feature is that the fundamental red edge (FRE) in NGC 6229 extends further to the red by at least 400K.
Regarding the distribution of RRc stars, they are well constrained to the first overtone instability strip. The distribution of RRL on the HB observed in NGC 6229 can be explained by the arguments of Caputo et al. (1978) which involve the occurrence of a hysteresis mechanism (van Albada & Baker 1973) for stars crossing the IS. According to this mechanism the stars in the "either-or" region can retain the mode they were pulsating in before entering the region which depends on whether the star is coming from the blue side as a RRc or from the red side as a RRab. Furthermore, Caputo et al. (1978) suggest that the original mode in which a RRL is pulsating depends on the location of the starting point at the Zero Age Horizontal Branch (ZAHB), which in turn depends on the mass and the chemical composition of the star; they used these ideas to explain the existence of the two Oosterhoff groups. A schematic and clear explanation of this can be found in their Fig. 3 . In summary there are two scenarios; 1) the ZAHB point is in the fundamental zone, leading to an assortment of RRc and RRab in the "either-or" region and a lower value of the average period for both RRc and RRab and a lower proportion of RRc stars, hence an OoI cluster, and 2) the ZAHB point is bluer than the fundamental zone, in the "either-or" or in the first overtone regions, then the "either-or" region is populated exclusively by RRc stars and the RRab stars are to be found only in the fundamental region, producing larger averages of periods and a higher proportion of RRc and hence OoII type cluster.
The above scenario seems to explain well the clean segregation of RRc and RRab in OoII clusters with evolution across the IS towards the red. In agreement with this picture we can mention the analysis of Pritzl et al. (2002b) . These authors have shown how in clusters with blue HBs, i.e. large values of L, stars with masses below a critical mass on the ZAHB to the blue of the IS, evolve redwards and spend sufficient time to contribute to the population of RRL. These arguments suggest then that clusters with a blue HB morphology are OoII, with redwards evolution, which in turn favours the segregation between RRc and RRab at the IS.
We have explored the CMD of several OoII clusters published by our group over the last few years (e.g. NGC 288, NGC 1904, NGC 5024, NGC 5053, NGC 5466, NGC 6333, NGC 7099) and noted the clear segregations, with a few exceptions of indiviual stars with noisy light curves. The one exception is NGC 4590, a clear OoII with a red HB (L=0.17) and evidences, from the secular period changes analysis of 14 RRL, that evolution does not occur in a preferential direction (Kains et al. 2015) . On the other hand the OoI cluster NGC 3201 (L=0.08) as expected, shows no signs of segregation (Arellano Ferro et al. 2014 ). Likewise NGC 6229 has a low L (0.24) and no preferential evolution direction from the Cacciari et al. (2005) for unevolved and evolved RRab stars, respectively, in the OoI cluster M3. The black parabola was found by Kunder et al. (2013b) from 14 Oo II clusters. We calculated the red parabola from a sample of RRc stars in five Oo I clusters and avoiding Blazhko variables. In the bottom panel the black segmented locus was found by Arellano Ferro et al. (2011 for the OoII clusters NGC 5024 and NGC 6333. The blue loci are from Kunder et al. (2013a) for the OoI cluster NGC 2808. The red parabola was calculated from RRc stars in three Oo I clusters with I amplitudes. scattered period change rate found in § 3.2, in spite of this the RRc and the RRab are neatly separated.
A close inspection of the distribution of clusters of all Oosterhoff types on the [Fe/H]-L plane from the data in Table 3 One more point of interest in Fig. 11 is the distribution of Blazhko variables. We have plotted with triangles only stars that show clear Blazhko amplitude modulations while marginal cases (e.g. V50, V52, V54) are plotted as stable stars. In his paper Gillet (2013) concluded that the Blazhko effect is not a consequence of the transition between modes and that a star that penetrates the Figure 11 . The HR diagram of the horizontal branch of NGC 6229. The coloured lines are the IS borders for the fundamental mode (FM) and the first overtone (FO) according to Nemec et al. (2011) . The two vertical black lines correspond to the empirical border between RRab and RRc stars seen in NGC 5024 (solid) and NGC 4590 (dashed). See also Fig. 3 and the text for a discussion.
"either or" region (RRc or RRab) becomes a Blazhko variable, as seems to be supported by the field Blazhko RRL plotted in Gillet's Fig. 1 . The later statement implies that all stars in the "either or" region should be Blazhko variables, which is not observationally supported by the distribution of Blazhko stars in NGC 4590, NGC 5024 and NGC 6229. Some outlier Blazhko variables from the IS in NGC 6229, mostly RRab stars, are likely not the result of hysteresis in the change of mode process as once suggested by Arellano Ferro et al. (2010) but rather a consequence of multishock perturbation at the main pulsation instability yet to be explained by theory (e.g. Gillet 2013 ).
In the CMD of (2006) is negligible. Apparently the change in the primordial helium content largely compensates for the difference between diffusive and non-diffusive models (VandenBerg private communication). The only two stable RRab's a little below this ZAHB are V33, which shows some scatter near minimum, and V55 whose flux is likely contaminated by its neighbour V31 (see the discussion in § A0.1). If the intrinsic thickness of the stellar distribution on the HB is between 0.1-0.2 mag, e.g. the case of M3 in Fig.  1 of Cacciari et al. (2005) , it is clear that a number of RRL in NGC 6229 are overluminous. A natural explanation would be evolution off the ZAHB, however we did not find evidence of stars evolved in the amplitude-period diagram of Fig. 10 . Also no evidence of systematic secular period increases in this rather red-HB cluster have been found (see § 3.2). Furthermore, stars in an advanced evolution towards the AGB should be brighter and have longer periods, however we find no correlation between < V > and period for the RRL in NGC 6229.
There may be other reasons for overluminosity than evolution off the ZAHB. For example, helium abundance dispersion in HB stars could be produced if more than one generation of stars are mixed in a given GC. D'Antona & Caloi (2008) have argued that second-generation stars, formed from enriched material of firstgeneration progenitors, may have a spread in Y above the primor- Figure 12 . Period-colour diagram of stable RRL stars. Filled circles are used for RRab stars and empty circles for RRc stars. The periods of the RRc stars were fundamentalized by adding 0.127 to log P . The reduced period P is defined as log P = log P + 0.336(< V > −18.021). See text for further discussion.
dial value, and that these stars will occupy a bluer position on the HB than the first-generation ones, which sit to the red of the instability strip. It has been noted by Catelan et al. (2009) that HB stars with higher Y should also be brigther due to their stronger H-burning shells, and they have searched for such an effect in M3. By comparing with HB models with Y in the range 0.23-0.28, they concluded that no systematic overluminosity in blue HB stars is evident, and hence the Y spread in M3 should not be larger than 0.01. For NGC 6229 we have overplotted ZAHB models from VandenBerg (2014) for Y = 0.25, 0.27, and 0.285, and found no evidence of the blue HB stars being brighter than the red ones, so no spread in the value of Y is immediately obvious in this cluster either. Similar tight constraints would apply to the case of helium mixing on the RGB phase (Sweigart 1997) .
Another reason may be the presence of an unseen companion. In this context it is of interest to explore the period-colour relation for stable RRL of Fig. 12 . In this diagram the period logP = logP + 0.336(< V > −18.021) where 18.021 mag is the average < V > for all the stable RRL. The concept of logP was introduced by van Albada & Baker (1971) and it was later slightly modified by Bingham et al. (1984) . It significantly reduces the scatter in the period-colour diagram and is useful for identifying stars with peculiar photometric properties such as colours too red or too blue, and luminosities too bright or too faint relative to what is expected from their periods. In Fig. 12 we note some outliers and have labelled them. V33 has been commented on above, while V36 was believed to be an RRd in the CVSGC but classified here as an RRc with a very short period among RRc stars. It is worth noting that V14, V31, V54 and V55 are also the brightest stable RRab in the HB (see the bottom panel of Fig. 3) . Their position on Fig. 12 implies that they have too short a period for their colour, which implies that they have larger gravity and should be of lower luminosity. The fact that instead they are among the brightest in the HB, implies that they have an extra source of luminosity and this may be an unseen companion. It was through the same lines of argumentation that Cacciari et al. (2005) seem to have identified three RRL in M3 (V48, V58 and V146) that may have companions.
Thus it seems likely that not only evolution has contributed to the large dispersion of RRL in the HB of NGC 6229 but also a dispersion in the primordial helium abundance and in some cases the presence of unseen companions.
NGC 6229 DISTANCE AND METALLICITY FROM ITS VARIABLE STARS
Four independent estimates of the distance to the cluster are possible from our data; from the weighted mean MV , calculated for the RRab and RRc from the Fourier light curve decomposition (Table 5), which can be considered as independent since they come from different empirical calibrations; from the one known SX Phe star and the P-L relation; and from the tip of the RGB bolometric magnitude calibration. Below we expand on these solutions. Since NGC 6229 is a high Galactic latitude object and despite its large distance, the interstellar extinction and reddening are negligible, we adopted E(B − V )=0.01 (Harris 1996) . Given the mean MV for RRL in Table 5 we found a true distance modulus of 17.385 ± 0.117 mag and 17.433 ± 0.096 mag using the RRab and RRc stars respectively, which correspond to the distances 30.0±1.5 and 30.7 ± 1.1 kpc. The quoted uncertainties are the standard deviation of the mean. The distance to NGC 6229 listed in the catalogue of Harris (1996) (2010 edition) is 30.5 kpc in good agreement with our calculations.
A third independent estimate of the distance to the cluster is via the one SX Phe identified in this work, V68, assuming that its period 0.0384563d corresponds to the fundamental mode. We have used the P-L relation of Cohen & Sarajedini (2012) ;
where P f refers to the fundamental mode given in days. The above equation implies a true distance modulus of 17.303±0.168 or a distance of 28.9 ± 2.2 kpc. The uncertainty was calculated from calibration errors neglecting the uncertainty of the period. It is worth noting that eq. 11, when applied to a sample of δ Scuti stars in the LMC produces a distance modulus of 18.49±0.10 (Cohen & Sarajedini 2012) which is consistent with the modulus 18.5±0.1 used to set the zero points of the absolute magnitude calibrations for RRab and RRc stars (see Arellano Ferro et al. 2010 § 4.2) . Thus the distances derived here for the RRL and the SX Phe are on a consistent distance scale. Yet another approach to the cluster distance determination is by using the tip of the RGB. This method was developed for estimating distances to nearby galaxies (Lee, Freedman & Madore, 1993) . Here we used the calibration of Salaris & Cassisi (1997) for the bolometric magnitude of the tip of the RGB in terms of the overall metallicity: (Salaris et al. 1993) .
We found that the method is extremely sensitive to the star selection as the tip of the RGB, hence we restricted our calculation to the five reddest stars in the red box in the CMD of Fig. 3 . We have assumed [α/Fe]=+0.4 (e.g Jimenez & Padoan 1998) and found an average distance of 34.9 ± 2.4 kpc.
Within their own uncertainties the above distance determinations are satisfactorily in agreement. However, since the SX Phe determination is based on only one star and the tip of the RGB approach is very sensitive to the selected RGB tip stars, which in turn is scattered, we believe that the distance determination from the RRL stars is the most accurate.
The average value of [Fe/H]UVES = −1.31±0.12 found from the Fourier decomposition of the light curves of 12 RRab and 8 RRc stars in NGC 6229 compares very well with the numerous determinations in the literature. In the present edition of his catalogue of globular clusters Harris (1996) lists an average [Fe/H]ZW = −1.47 (or [Fe/H]UVES = −1.37) for NGC 6229. A list of individual results from an assortment of indicators can be found in Table 7 of Borissova et al. (1999) ; they range from −1.26 to −1.44 in the ZW scale or from −1.14 to −1.34 in the UVES scale with uncertainties running within 0.08-0.15 dex.
A brief comment on the age of NGC 6229
We have not attempted an independent estimation of the age of NGC 6229 since a thorough effort based on deep photometry has already been carried out by Borissova et al. (1999) . In that paper the authors soundly argue from their differential age analysis that NGC 6229 and M5 are coeval within 1 Gyr. To the best of our knowledge no direct estimation of the absolute age of NGC 6229 has been carried out. However, the age of M5 was determined by Jimenez & Padoan (1998) The isochrones for these two metalicities are very similar except perhaps at the tip of the RGB where the richer isochrone gets less luminous. However, if a vertical shift is applied to these isochrones within the uncertainty of the distance modulus, 0.01 mag, then the two cases are indistinguishable. We can stress then that our CMD is consistent with the metallicity and distance derived in this paper and an age of 12.0±1.0 Gyr found in the above papers for the coeval cluster M5.
SUMMARY OF RESULTS AND CONCLUSIONS
We have significantly updated the census of variable stars in NGC 6229. The DIA approach to the CCD image reduction and analysis allowed us to recover all of the 48 variables previously known and to identify 25 new variables; 10 RRab, 5 RRc, 6 SR, 1 CW, 1 SX Phe and two new variables that we were unable to classify.
Numerous new Blazhko variables have been identified among both the already known and the new RRL stars, including five RRc variables (V16, V17, V47, V61 and V62) (see Table 3 ). Also our data do not support the Blazhko effect seen in V5, V18, V33, V34, V35, V37, V46 and V48 by BCV01 based on the Dm parameter which is very sensitive to light curve coverage and scatter.
Thanks to the inclusion of archive data from 1932 -1935 (Baade 1945 ) and from 1956 -1958 (Mannino (1960 we have noted secular period variations in 16 RRL and have calculated the period change rate in 13 of them.
5 http://www.canfar.phys.uvic.ca/vosui/#/VRmodels
The variability of V29 and V30 is confirmed and they are classified here as RRab. On the other hand the variability of previously suspected variables V25, V26, V28 is not confirmed. The classifications of V31, V32 and V39, previously believed to be EB, RRc and RRab respectively, are now corrected as RRab, RRab and RRc.
The metallicity and distance of NGC 6229 were calculated via the light curve Fourier decomposition of RRab and RRc stars to find averages of [Fe/H]UVES = −1.31 ± 0.12 and d = 30.3 ± 1.4 kpc. These results agree with previous independent determinations and the observed CMD matches the above results and the isochrone of age 12.0 ± 1.0 Gyr (Jimenez & Padoan 1998; Dotter et al. 2010; VandenBerg et al. 2013) .
Regarding the RRL distribution in the HB we have stressed once more the clear splitting between stable RRc and RRab with an empirical border at about (V − I)0 = 0.45 − 0.46 mag, clearly observed in NGC 6229 and equally clear in NGC 4590 and NGC 5024, despite being of different Oosterhoff type. This border is interpreted as the red edge of the first overtone instability strip. Blazhko variables and double mode stars do not obey that border.
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APPENDIX A: COMMENTS ON INDIVIDUAL STARS
In this appendix we comment on the light curves, variable types and nature of some interesting or peculiar variables in Table 3 . We put some emphasis on the amplitude and phase modulations of the Blazhko type in specific stars and note that several variables catalogued as Blazhko variables by BCV01 are not confirmed by our data and that we have detected a few new ones. In their study, these authors combined older photographic data converted into B magnitudes with their own B DAOPHOT and ISIS photometry to evaluate the amplitude variations (see their Fig. 7 for example). Then they calculated the deviation parameter Dm, (Jurcsik & Kovács 1996; Kovács & Kanbur 1998) and for classification purposes assumed that RRab stars with Dm > 5 are Blazhko variables but note however, that examples exist of Blazhko and non-Blazhko variables that do not obey such criterion as Dm which is quite sensitive to the coverage of the light curve. In the present case, all the stars we catalogue as Blazhko variables are judged from our homogeneous data sets in the V and I filters, where the amplitude modulations are neatly distinguished in the light curves in Figs. 7 and 8. Hence, some inconsistencies in the identification of Blazhko variables between the two studies are expected and we make them explicit in the following paragraphs.
A0.1 RR Lyrae stars
V2, V9, V12, V43. These stars show Blazhko modulations not identified as such by BCV01. Stars V2, and V9 also undergo secular period variations which are reported in Table 3 . V3, V59. These RRL stars display very scattered light curves despite being located in an uncrowded region. We find no evidence of either star to be blended. However, we note relatively poor image subtractions for these stars and in this area of the field, possibly due to the proximity with the image edge. These are not Blazhko modulations. V5, V18, V33, V34, V35, V37, V46, V48. We find no evidence of amplitude modulations in these stars classified as Blazhko variables by BCV01. V7. The star was classified as a RRab Blazhko variable by BCV01 based on its peculiar Fourier coefficients. Our data show very prominent amplitude modulations ranging about half a magnitude, but we note that RRab-like variations are preserved. Our data are insufficient to estimate the Blazhko period, but an inspection of the amplitudes and dates shows that the first amplitude decrease took place between April 11th and July 9th 2011. A new amplitude increase occurred from March 5th to June 18th, 2013, i.e. in each case the amplitude extrema were reached within 90 and 100 days. V16, V17, V47, V61, V62. These RRc stars show evidence of amplitude and phase modulations that cannot be solved by a secular period change or explained by double mode pulsation. We consider these modulations as due to the Blazhko effect. We note that star V47 falls much to the blue from the HB. However, it is an unresolved pair (see Fig. 5 ) and undoubtedly its colour has been polluted by the neighbour. V29. It was listed by Spassova & Borissova (1996) as a probable variable star and it was not included in the study of BCV01. Our data plotted in Fig. 7 clearly show a RRL type light curve with a small amplitude modulation. Thus we confirm it to be a RRab variable with the Blazhko effect. For its period (0.629509d) its amplitude in both V and I is peculiarly large, as seen in Fig. 10 . V30. This is a faint and blended star quite close to the cluster core displaying a very noisy light curve. Despite this, its light curve shows a RRab-like shape. The star was reported as a possible variable by Spassova & Borissova (1996) and was not included in the paper by BCV01. Hence, our light curve in Fig. 7 is the first one published for this star. We confirm the variability and suggest that the star is likely a background RRab which would be consistent with its fainter and redder position on the CMD. V31 and V55. V31 was classified by BCV01 as an eclipsing binary with a period of 0.698893d. Our data do not phase well with that period but instead we find 0.537851d. The light curve phased with this period appears like that of a RRab star (Fig. 7) . V31 is very near a new variable star identified in this work, V55, also a RRab star. The periods of these two stars are similar but not equal, since each one does not phase the light curve of the neighbouring star. Also the times of maximum do not coincide. We have confirmed that both stars are clearly variable by blinking the difference images. The amplitude modulations visible in both stars however, are most likely not authentic as the light curves of both stars may be influencing each other. Nevertheless, we do not confirm V31 as an eclipsing binary but instead we classify it as RRab. Both V31 and V55 lie well within the HB and, in the Bailey diagram (Fig. 10) , they also fall right on the RRab stars locus. V32. This star is reported as RRc in the CVSGC. We find however that the period 0.603805d phases the light curve better and produces a RRab shape with amplitude modulations. The star's position in the Bailey diagram (Fig. 10 ) and in the CMD confirm the above classification. V35, V41, V45, V46. The light curves of these RRab call attention for their small amplitudes which, however, are consistent with their long periods as can be corroborated in Fig. 10 . V36. It is listed as a possible double mode variable in the CVSGC. We have found no signs of a secondary frequency in our data but just a period of 0.264133d. We classify this star as a RRc and it is labelled accordingly in the CMD and the period-amplitude plane. V39. This star is listed as RRab in the CVSGC. However, our data favour a period, light curve shape and position on the Bailey diagram and CMD all consistent with the star being a RRc. It must be stressed that the light curve in BCV01 is missing the rise to maximum and the maximum itself, which may have biased their classification. V48. This star has been classified by BCV01 as a RRab with a period of 0.516412d. Our light curve shows a poor phasing with that period and a glance of the light curve in BCV01 also reveals a poorly phased sinusoidal curve. We find that a period of 0.340270d phases the light curve well (Fig. 8) . This period and the amplitude place the star well within the RRc star domain in the Bailey diagram (Fig. 10) . Thus we have reclassified the star as RRc.
V50. This RRab star shows clear amplitude modulations which we attribute to the Blazhko effect. V51, V58, V62, V63. By their periods, light curves morphology and position in the Bailey diagram of Fig. 10 these are all clear RRL stars. However, in the CMD they share a common, peculiar position to the red and above the HB. The most extreme cases are V51 (RRab) and V63 (RRc); both are unresolved blends (Figs. 5 and 6 ) which, at least partly, explains their low amplitudes and hence their peculiar position in Fig. 10 . V58 (RRab) and V62 (RRc) fall at the expected place on the AV − logP plane and are more isolated but perhaps not enough for their colours to be unaffected.
A0.2 SR stars
V64-V66, V70-V72. Their light curves as a function of HJD are displayed in Fig. A1 . While the variations are clear, given their likely long characteristic times of variation, our data are insufficient to attempt a period determination.
A0.3 Population II variables
V8, V22. The periods of these two CW stars given in the CVSGC are confirmed in this work (Table 3 ) and the phased light curves are displayed in Fig. A2 . V27, V73. V27 was classified as a Pop II cepheid by BCV01 with a period of 1.13827d; they noted however that their light curve was not well defined and regarded the period as uncertain. Our data are poorly phased with this period. Our data are plotted as a function of HJD in Fig.A3 and they display clear variations that are difficult to reconcile with one single period. V73 is a newly found variable and, like V27, shows irregular but clear variations. Our data seem insufficient for a more detailed analysis of the characteristic time of variation in these two stars. Their positions on the rms and the CMD diagrams of Figs. 2 and 3 seem to support their classification as CW stars. Hence we tentatively classify them as such. V67. In the CMD this newly discovered variable is found about one magnitude above the HB and near V27. Its period of 1.57547d and light curve shown in Fig. A2 make it a clear CW variable. It is of interest to comment whether or not V67 is an anomalous cepheid. Given the distance modulus of NGC 6229, its absolute magnitude is ∼ −0.5. Plotted on the P − L relation for anomalous cepheids pulsating in the fundamental mode (see fig 6. of Pritzl et al. 2002a ), V67 falls well below the main relation, i.e. it is about 0.5 mag fainter than anomalous cepheids with a similar period. Hence V67 is not an anomalous cepheid.
A0.4 Variable blue stragglers
V68 and V69 show variability in our data and are contained in the blue stragglers region. Their light curves are shown in Fig. A4 . V68 is a clear SX Phe star for which only one period has been found, 0.0384563d. V69 on the contrary displays a small amplitude in V and our I data are too noisy to see the variation. Its period 0.271264d is rather large for an SX Phe star thus we refrain to classify it as such. Alternatively, the star could be a background star of a different type, perhaps a RRc. Table 3 . For V8 the data from Baade (1945) (orange) and Mannino (1960) (green) are included and show the stability of its period. In V67 small amplitude modulations are visible.
A0.5 Variables not confirmed
V25, V26, V28. These stars were listed among a group of twelve possible variables by Spassova & Borissova (1996) . The numbers were assigned by BCV01 although they did not include them in their study (as also did not include V29 and V30). We found no convincing signs of variability. The three stars are very close to the cluster core and then their light curve RMS values are large; 0.054, 0.035 and 0.071 mag in V and 0.030, 0.024 and 0.036 mag in I respectively. Despite not being variable, these stars are identified in Figs. 5 and 6 and their photometry included in Table 2 for the sake of completeness. Figure A4 . Two variables in the blue stragglers region. V68 is an SX Phe star. We have not been able to classify V69. However, given its period, V69 could be a background RRc star, see § A0.4. Figure A3 . Light variations of the possible CW stars V27 and V73. Black and red circles are the V and I magnitudes respectively. The I magnitudes have been arbitrarily shifted to accomodate them in the same box, so that the variations in both filters can be appreciated. Note that V -I variations are also evident in both stars.
